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Abstract: We describe indetail Serre's application ofspectral sequence theory to the study of the 
relations between the homology of total space, base space and fibre in a Serre fibration; and we 
apply the results to establish t at a 1-connected space X has homology groups (in positive 
dimension) ina Serre class C if and only flits homotopy groups are in C. 
We include in this paper some personal reflections on the contact the author had with Serre 
during the decade of the 1950's when Serre's revolutionary work in homotopy theory was 
completely changing the face of algebraic topology. 
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1. Introduction 
This paper is an edited version of the talk given by the author on October 24, 
2003, at the invitation of the Forschungsinstitut for Mathematik of the E.T.H., 
Zfirich, Switzerland. The invitation specified that the talk should have serious 
mathematical content but should also contain significant references to 
mathematicians well-known to the speaker, references not only to their own 
mathematical contributions but also to their characters and personalities. 
The author chose to speak of his friendship with the great French 
mathematician Jean-Pierre Serre during the decade of the 50's, that is, 1951-1960. 
During that period, Serre was revolutionizing homotopy theory, starting with his 
thesis published - -  in French - -  in the Annals of Mathematics in 1951. However, 
Serre has made fundamental contributions in so many key areas of mathematics - -  
algebraic geometry, groups and their graphs, analytic number theory (including the 
proof of Fermat's Last Theorem), to name a few - -  that there may well be many 
mathematicians today who are not familiar with his earliest work, published some 
50 years ago. 
Thus, in Section 2, we include many personal reminiscences of the author's 
contacts with Serre, and how these contacts led to a friendship which was of  
immense benefit to the author in his own professional development. Then, in 
Section 3, we describe in detail some of Serre's greatest contributions to the 
development of homotopy theory. So far as the mathematical topic chosen for 
elucidation is concerned, we decided to concentrate on Serre's applications of  his 
own great creation, the theory of spectral sequences, applied to the study of the 
relations between the homology of total space, base space and fibre in a Serre 
fibration. O f  course, we do not attempt a comprehensive exposition of this great 
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work - -  after all, his thetis occupied 80 pages of the Annals of Mathematics - -
but, on the other hand, our selection from his oeuvre is no mere superficial listing 
of sensational results. 
2. Personall Reminiscences of Working with Jean-Pierre Serre 
It was natural for me to respond to the kind invitation of my close colleague and 
friend Urs Stammbach by choosing to talk of Serre's contributions to the 
development of algebraic topology, since I had benefited so much from his work, 
and since, in addition, I enjoyed such a close association with Serre during those 
early years of the 1950's. Indeed, I am proud to be able to claim to have been the 
first mathematician from outside France to have invited Serre to travel abroad (in 
fact, to England) to talk about his work. 
But I would describe my choice of topic as not only natural but also happy, 
and this is for the following reason. A short time after I made my choice, it was 
announced by the Norwegian government that Serre was to be the first winner of 
the Abel Prize, only recently instituted and designed to carry not only a very 
substantial financial award but also a prestige comparable with that of the Nobel 
Prizes. 2 
Let me then say something of my own interaction with Jean-Pierre Serre. At 
the time of the publication of his thesis in the Annals of Mathematics [1] at the end 
of 1951 (the year in which he submitted the thesis), I was a Lecturer in 
Mathematics at the University of Manchester (England), in the Department of 
Mathematics whose Head was Professor M. H. A. Newman, who had been in 
charge of the group 3 of mathematicians and would-be mathematicians at Bletchley 
Park during World War II concerned with the machine aspects of the decryption of 
high-grade German military and diplomatic signals. Max Newman had built up a 
remarkably strong research department, but he always insisted on the great 
importance of good teaching and, to a slightly lesser extent, fair examining. He 
encouraged members of his department to invite outstanding mathematicians who 
were doing research of great importance to visit our campus to speak about their 
work, so that we could learn from them and be stimulated in our own research. 
Serre visited Manchester for about 5 days in the spring of 1952 and stayed 
with my wife and myself. He was a delightful house-guest, his interests extending 
far beyond mathematics. We went for walks in the lovely countryside south of 
Manchester, and he proved to be very athletic, running and leaping over stiles and 
five-barred gates! Following his visit we corresponded extensively, almost 
1 The reader is asked to excuse the use of the personal pronoun T in this section and the next, 
and to understand it is due to the personal nature of much of the material discussed inthis paper. 
2 There is no Nobel Prize in mathematics - -  and there are several interesting theories as to why 
this is so. 
3 I liaised with this group, while officially a member of the linguistic group. Alan Turing 
worked closely with us at Bletchley Park, and was brought by Max Newman to Manchester in 
1948, at the same time as myself but, of course, in a more senior position. 
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exclusively about mathematics. I moved to a Lectureship in the University of 
Cambridge in the autumn of 1952, but, of course, my correspondence with Serre 
continued. So it was that he invited me to visit Paris and stay with him and his 
wife. (In fact, he then held an appointment a the University of Nancy, but it was 
not uncommon at that time for French mathematicians to live in Paris and 
'commute' to their universities on those days on which they had university duties. I 
was officially invited to give some lectures at the University of Nancy.) 
My visit to the Serre household was an astonishing experience. Serre was a 
tremendously hard worker and, after several hours spent discussing mathematics 
- -  perhaps, I should say instead 'making new mathematics' - -  he would propose 
we go to the Institut Henri Poincar6 - -  to play ping-pong (best of 5 games!). My 
stay in Paris both exhausted and stimulated me. It led to what was probably the 
deepest and most important paper I have written. 4 I recall that, sensitive to the 
significance of his contribution to the development of the ideas it contained, I 
offered Serre joint authorship. But he declined, saying - -  very characteristically 
- -  that he was not yet old enough for such an honor! 
Our correspondence ontinued for some time after my visit to Paris. At one 
point, feeling that we had become friends as well as colleagues, I suggested that he 
call me q~eter' instead of 'Hilton'. Such a step was a very significant one for a 
Frenchman to take in the 1950's, but Serre readily agreed, adding 'A titre de 
reciprocit6, supprimez le Monsieur' ('By way of return, drop the Mr.'). So he 
wrote 'Cher Peter' and I wrote 'Dear Serre'. 
It was a real privilege to know this great mathematician, and to get to 
understand his marvelous mathematical ideas. I will always be in his debt. 
3. The Nature of Serre's Contribution to Homotopy Theory 
I now wish to give you a typical example of Serre's remarkable contributions to 
homotopy theory in the early 1950's. As I have said, his thesis was published in 
the Annals of Mathematics atthe end of 1951 (see [1]). In this thesis he showed 
how to apply the Leray theory of spectral sequences to the study of the (singular) 
homology of fibre spaces. But I must emphasize that Serre introduced a new 
definition of fibre spaces. Previously a fibre map f : E-,B was defined in 
terms of a suitable covering of B by open sets. Then the key property of a fibre 
map (or fibration) was the lifting homotopy roper(y; so Serre defined amap to be 
a fibre map if it satisfied the lit~ing property. This very insightful innovation 
permitted one, crucially, to include fibrations of function spaces and thus very 
essentially to broaden the scope of such maps. The 'classical' fibrations were 
henceforth known as locally trivialfibrations. 
Serre showed in his thesis how one could use a natural filtration of the singular 
chain-complex of the total space E to obtain a positive-quadrant spectral 
sequence {E~; d T) such that, if B is 1-connected and E, and the fibre F, 
4 I was very flattered tohear it referred toas a 'landmark paper'. 
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are path-connected, then (using Serre's convention) 
J~  = Hp(B; H ,F )  (1) 
Moreover, deg d r = (--r, r -  1). This spectral sequence converges finitely 
to the graded group associated with H,E ,  suitably filtered. More precisely, there 
is a filtration 
0 = F -I C_ F 0 C_ • • • C_ F p-I C F p C_ • • • C_ F"  = H .E  (2) 
such that 
FP /F  ~1 = E~,  p + q = n. (3) 
The convergence is finite in the sense that, for given (p, q), qro such that 5 
E;, E; . . . . . .  , r > ro.  (4)  
Indeed, it follows from the fact that we are dealing with a first-quadrant spectral 
sequence and that degd r = ( - r , r  - 1), that we may take 
r0 = max(p + 1, q + 2). (5) 
Serre used the wonderful new apparatus which he had constructed to solve a 
host of problems in homotopy theory that had been quite inaccessible with the 
tools available prior to his appearance on the scene. For example, he showed that, 
with the (known) exceptions of ~',(S") and 7r4k-1 (s2k), all homotopy groups of 
spheres were finite. Previously, we had not even known if they were all finitely 
generated. 
The particular application of the Serre spectral sequence which I propose to 
describe also requires an interesting idea Serre introduced in a paper in 1953 (see 
[2]). Serre's brilliant idea in this second paper was to generalize 0! Thus he 
introduced the idea of a class C o f  abelian groups. Thus C is a non-empty 
family of abelian groups uch that the following axioms hold: 
I If A~;, >A --->> A" is a short exact sequence ofabelian groups, then 
A CC ¢~ A ' ,A"  ~C.  
II If A, BEC,  then A®B,  Tor(A,B) EC. 
III If A E C, then the homology groups with integer coefficients 
HkA,  k>_ l ,  EC. 
(Our first application of this idea will not invoke Axiom III.) Of course, the 
family consisting of just the zero group is a Serre class, but there are many others. 
Among them are 
(i) the class of finitely generated abelian groups; 
(ii) the class of finite abelian groups; 
(iii) the class of torsion abelian groups' 
(iv) the class ofabelian P-groups, where P is a family ofpdmes. 
5 In a spectral sequence H(E  ~, d ~) = E TM . 
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Certainly the intersection of two Serre classes is again a Serre class. 
We now give our first example of a deep Serre result. 
Theorem 1. Let f : E~B be aSerrefibrationwith B 1-connected and E and 
F, the fibre, connected Then if the homology groups of any two of E, B, F, in 
positive dimensions, belong to C, so do the homology groups, in positive 
dimensions, of the third 
and, as before, 
r>2,  
Proof We first dispose of the most straightforward of the three assertions. We 
suppose that the homology groups, in positive dimensions, of B and F belong 
to C. Then by (1) and the universal coefficient theorem in homology, if follows 
that 
E~ • C, (p, q) # (0, 0). (6) 
Here, of course, we invoke Axiom II. Then Axiom I, and finite convergence, 
imply that 
E~ • C, (p, q) =/= (0, 0). (7) 
We now invoke the filtration (2) of H,E, n > 1. Obviously, F -1 • C, so 
we assume inductively that F p-1 E C. But, since FP/F p-1 = E~q • C, it 
follows from Axiom I that F p • C. Hence 
H,E=F,•C,  
and this case is proved. 
Next we suppose that the homology groups of E, F, in positive dimensions, 
belong to C, and prove that those of B also belong to C. If not, let m be the 
lowest dimension such that H, nB ~ g. Then m _> 2, since B is 1-cormected 
E~ • C, (p, q) # (0, 0), p < m. Thus, by Axiom I, with 
On the other hand, 
e e, (p, q) # (0, 0), p < m. (s) 
ELo = HmB c. (9) 
Now consider 
l~2 ..4 ~7,2 
d 2 : .t-am 0 Xam--2,1 •
We note that no non-zero element of E~% can be a d2-boundary, so 
E~0 = ker d 2. On the other hand, im d 2 is a subgoup of E 2 which is in C m-l , l~  
by (8), so im d 2 E C. Thus, by Axiom I, 
BLo ¢ c. (10) 
We now apply 
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3 3 d 3 : Dm0-'*E~-3,2 
Again, no non-zero element of E~0 can be a d3-boundary, so E~o = ker d3; 
and im d 3 is a subgroup of E~-3,2 which is in C by (8), so im d 3 E C, and, 
by Axiom I, 
We continue in this way 
Emo=E:  +1 ¢C. But E~0 
E4o ~ C (11) 
until eventually we reach Em +l . Then 
is, by (3), a homomorphic image of HmE and 
HmE E C. This contradiction establishes our result in this case. 
The third case is handled in a very similar way. We suppose that the homology 
groups of E, B, in positive dimensions, belong to C and, for a contradiction, we 
further suppose that m > 1 is the lowest dimension such that HmF ~ C. Then 
E~m=HmF¢C, but, with r>2 
E ,eC, (p, q) ¢ (0, 0), q<m.  
Now consider d 2 : E~,m_l--,E~m. Every element of Eo2m is a cycle for d 2, so 
Egm = coker d 2. 
But im d 2 E C so, by Axiom I, Eo3m ~ C. Again we proceed through the 
spectral sequence, eventually reaching *the conclusion E~ = E~ +2 ~ C. 
However, E~ = F°(H~E), so E~ E C, and this contradiction establishes 
our result. [] 
We now exploit Theorem 1 to prove a fundamental result about 1-connected 
spaces. 
Theorem 2. Let X be a 1-connected topological space and let C be a Serre 
class of abelian groups. Then the homology groups HkX, k > 1, belongto C 
if and only if the homotopy groups 7rkX E C 
First we prove a lemma which makes essential use of Axiom III for a Serre 
class. 
Lemma3. I fAEg  then Hk(A,n) EC, n> l, k> l. 
Proof of Lemma. Let K(A, n) be the Eilenberg-Maclane space, n > 2, and let 
E(A, n) be the contractible path space over K(A, n), that is, the space of paths 
on K(A, n) emanating from the base-point. Let f : E(A, n)--*K(A, n) 
associate with every path in E(A, n) its end-point. Then f is a fibre map (in 
Serre's ense) with fibre F = f~K(A, n), the space of loops on K(A, n), so 
that, in fact 
F = K(A, n - 1). 
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Thus we have a fibration f with F = K(A, n - 1), B = K(A, n), and E 
contractible. Thus an application of Theorem 1 yields the result hat the homology 
groups of K(A, n), in positive dimension, belong to C if the homology groups 
of K(A ,n -1)  belong to C. (Notice that K(A ,n) i s  1-connected since 
n > 2.) Thus we start with n = 2, where we are told that the homology 
groups of K(A, n - 1) belong to C by Axiom III, and then infer, sequentially, 
that the homology groups of 
K(A, 2), K(A, 3), • • . ,  K(A,n),  • • • 
belong, in positive dimensions, to C. [] 
We now revert o Theorem 2 and prove that H.X  E C ~ 7r, X E G. To 
achieve this, we introduce the Cartan-Serre-Whitehead decomposition 6 of X. 
Starting with X, one can embed X in K(Tr2X, 2). Replace the embedding by 
a fibre map f~ : X~K(Tr2X, 2), whose fibre is a 2-connected space X(3) 
such that the embedding i3 :X(3)-*X induces isomorphisms of homotopy 
groups in dimensions > 3. One then embeds X(3) in K(Tr3X, 3), replaces the 
embedding by a fibre map l'3 : X(3)~K(Tr3X, 3), and the fibre will be a 3- 
connected space X(4) such that the embedding i4:X(4)~X(3) induces 
isomorphisms ofhomotopy groups in dimensions > 4. Thus we have a tower 
X4 
X3 
l 
X 
f4  K(Ir4X,4) 
I3 K(zr3X,3) 
A K(Ir2X, 2) 
where we may think of the spaces X(3), X(4), . . . ,  as obtained by successively 
'killing off the first (i.e., lowest-dimensional) non-vanishing homotopy group. 
Now since X is 1-connected, Hurewicz' Theorem tells us that 
r2X~H2X,  so that ~r2XEC and H,(Tr2X, 2) EC by 7 the Lemma. 
Therefore, by Theorem 1, H.(X(3)) E C. In particular, H3X(3) E C. But 
X(3) is 2-connected, so that, by Hurewicz' Theorem H3X(3) -~ 7r3X(3) - 7r3X 
This was discovered independently by H. Caftan, J.-P. Serre and by J. H. C. Whitehead. 
7 We write /-t, to indicate the homology groups in positive dimension. 
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and 7r3X E C. We iterate the procedure to prove successively that 7tax E C,, 
7rsXcC, • • • 
We now turn to the converse part of Theorem 2, and we exploit he Postnikov 
tower of a 1-connected space instead of the Cartan-Serre-Whitehead 
decomposition. Thus, whereas the CSW decomposition kills the homotopy groups 
of X, dimension by dimension, starting with the lowest non-vanishing homotopy 
group, the Postnikov tower builds up the homotopy groups of X, dimension by 
dimension, starting with the lowest non-vanishing homotopy group. So, speaking 
informally, the trivial one-point space sits at the top of the CSW decomposition, 
while X itself sits at the top (inverse limit) of the Postnikov tower. More 
precisely, we have the diagram (recall that X is 1-connected) 
h,~ 
X (n) ~ K(Trn+lX, n + 2) 
p(n) 
/ 
x 
\ 
p(n-1) 
X(n-t) 
X(3) 
1 
X (2) = K(~2X, 2) 
hn-1 
K(Tr,~X,n + 1) 
h3 
b K(Tr4X, 5) 
h2 
K(Tr3X, 4) 
Here, the homotopy class of hn, viewed as an element of H"+2(X ('0, cry+iX) is 
the n th Postnikov mvariant of X, the triangle commutes; and p(,0 is an n- 
equivalence. 
Now since zc2X, 7r3X E C, the homology groups of K(1r2X, 2), 
K(TrsX, 4), in positive dimensions, belong to C. Hence so do the homology 
groups of X (3). We proceed in this way up the Postnikov tower. But p(,0 is an 
n-equivalence, so it induces isomorphisms of homology groups in dimensions 
< n. Since n is arbitrary, this means that the homology groups of X, in 
positive dimensions, belong to C, Thus Theorem 2 is completely proved. 
[] 
Remark. Serre, in his thesis, established the spectral sequence of a fibration even if 
the base B is not 1-connected. The power of the method certainly extends to 
the case in which B is nllpotent and nlB operates nilpotently on the homology 
groups of F. As a consequence the conclusion of Theorem 2 holds if X is 
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nilpotent, and is then established by means of a standard modification of the 
argument inthe 1-connected case. 
It is striking that Postnikov claimed to believe that, by introducing the 
Postnikov decomposition of a topological space, he had effectively 'solved the 
homotopy problem', putting homotopy theorists out of work! Serre, on the other 
hand, fully realized that he had put powerful new tools in the hands of homotopy 
theorists. The enormous - -  and rapid-- growth in the homotopy industry, and its 
development of crucial contacts with other areas of mathematical ctivity, testify 
to the very positive nature of Serre's contribution. We are extremely grateful to 
him for his brilliant insights. 
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